ABSTRACT This paper introduces a new approach to tackle the boundary value problem representing magnetohydrodynamics flow developed by a rotating disk. The problem comprises of a coupled and non-linear differential system which appears difficult to be computed exactly. A contemporary MATLAB's package bvp4c is used to solve the problem numerically and then, with the help of the numerical solution, a closed-form solution is constructed via a systematic method. All computations are made for a specific value of the magnetic interaction parameter. Residuals of governing equations are plotted which ascertain that the obtained closed-form solution matches closely with the exact solution.
I. INTRODUCTION
The study of dynamics caused by a disk that is rotating in viscous fluid has been an interesting area of research. The motivation behind this interest is attributed to having a self-similar solution of the Navier-Stokes equations that is vital in applications involving rotating disk electrodes, rotating air-cleaners, centrifugal pumps, viscometers etc. The pioneering research in this domain was published by von-Karman [1] . Later on Cochran [2] obtained a more accurate approximation of the same problem by elaborating two regions, one near the disk and the other at large distance from the disk and finally matching the two in some intermediate region. Ackroyd [3] was probably the first to discover the surprising fact that the expansion of Cochran, credible for large distances, indeed can be extended all the way to the disk. For a comprehensive review of the von-Karman flow problem under various situations, the reader is referred to [4] .
The magnetohydrodynamics (MHD) field proposed by Alfven [5] is based on the fact that magnetic fields can produce current in a moving conductive field. The study of MHD has essence in a number of applications such as designing power generators, magnetic cell separation, magnetic drug targeting etc. Some references which explored the fluid flow
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in the presence of a uniform transverse magnetic field near a rotating disk are presented in [6] - [10] .
A vast worth of material concerning analytical or numerical treatment of von-Karman flows is published so far. Ariel [11] discussed the steady flow by a rotating disk in the existence of axial magnetic field using series solution. Xu and Liao [12] applied homotopy analysis method for describing unsteady swirling flow caused by an impulsively rotating disk. They ensured the convergence of homotopy based series solution for all time in whole spatial domain. They further extended this work [13] by incorporating magnetic field effects. Turkyilmazoglu [14] revisited the steady von-Karman flow with a view to present power series solutions based on Ackroyd's methodology. He also presented homptopy solutions for comparison. Rashidi et al. [15] explored fluid flow around a revolving disk immersed in a porous medium utilizing homotopy approach. In recent past, different computational approaches have been employed to treat non-linear boundary value problems [16] - [19] .
In this paper, our main objective is to develop a closed-form solution for the flow problem addressed by Ariel [11] . The accuracy of our solution is ensured by analyzing residuals of the governing equations. Rest of the paper is organized as follows. In section 2, the governing equations of motion are reduced to a simpler system whose numerical solution is computed. Approximate closed-form solution is worked out in section 3. In section 4, residual analysis is performed to figure out the difference between approximate and the exact solutions.
II. EQUATIONS OF MOTION
Ariel [11] extended the von-Karman problem of infinite disk for the case where the flow field is subjected to axial magnetic field. He showed that the problem is described by the following non-linear differential system deduced from the exact Navier-Stokes equations:
The transformed boundary conditions are
Here the parameter m is magnetic interaction strength to apparently applied magnetic field in z direction. Using equation (4) in equations (1) and (2), we have
with corresponding boundary conditions
Furthermore, the pressure P from equation (3) can be calculated, once H is determined. Using MATLAB built-in solver bvp4c, we find the numerical solution of the system of ODEs given in equations (7) to (10) for m = 1. The bvp4c routine implements a finite difference code based on a collocation formula that produces fourth-order accurate solution within the prescribed domain. The reader is referred to the article [20] for pursuing numerical solution of non-linear systems via bvp4c. Numerical infinity is initially set as 5 and is gradually increased while monitoring the far-field values of G and H so that they stay below the assigned tolerance of 10 −6 . Graphs of the solutions for G and H are shown in Figures 1 and 2 respectively. Figure 1 reveals that the function G monotonically decreases with increasing vertical distance. Physically, the disturbance initiated by the disk-rotation reduces gradually as vertical distance x increases. Hence we expect that radially outward flow would be dominant only in the vicinity of the disk where centrifugal force (or axial velocity) is high. Figure 2 shows that H is negative signifying axially downward flow throughout the boundary layer. In order for the mass conservation principle to hold, the radially driven flow must be accompanied by a vertical flow directed towards the disk. Fluid motion far from the wall is characterized by a constant axial velocity H , which reduces through the boundary layer in order to fulfill constraint H (0) = 0. Furthermore, H has a critical point x = 0 which is evident through horizontal tangent of H at the boundary.
III. APPROXIMATE CLOSED-FORM SOLUTION OF THE SYSTEM OF ODES A. APPROXIMATE CLOSED-FORM SOLUTION FOR G
To approximate the numerical solution of G by a function, notice that the graph of numerical solution of G is similar to the graph of the function e −x , so we assume an initial approximation for G as
where G ini represents the initial approximation of G and α and β are constants to be determined. The boundary condition G(∞) = 0, requires β to be positive. Further, the condition
which satisfies the boundary conditions. Using a typical point from the graph of G, we get an appropriate value of unknown constant β = 1.1020. Thus Figure 3 shows the numerical solution of G and its initial approximation. Figure 4 shows the difference between initial approximation and numerical solution of G. Figure 4 represents g diff = G ini − G num , where the numerical solution of G is represented by G num and g diff is the difference between initial approximation and the numerical solution of G. The maximum difference between G ini and G num is 0.0351. Now to approximate g diff by a function, consider the following expression
To determine the expressions for constants A, B and C > 0, let us take three points (x 1 , g 1 ), (x 2 , g 2 ) and (x 3 , g 3 ), then equation (14) gives
For A = 0, dividing equation (15) by (16) and taking ''log'' on both sides, we get
Similarly from equations (15) and (17), we have ln
Multiply equation (18) by (x 3 − x 1 ) and equation (19) by (x 2 − x 1 ), we have
Subtract equation (21) from equation (20), we have an expression that gives the value of B as
Using equation (22) in equation (18) and simplifying, we get
And finally equation (15) gives the expression of A in terms of B and C as
Now using three different appropriate data points from the graph of g diff in equations (22), (23) and (24), we find the values of A, B and C. Using these values in equation (14), we have
We get an approximate closed-form solution for G as
where G app is approximate closed-form solution for G and satisfies the associated boundary conditions. Now the maximum difference between numerical solution of G and its approximate closed-form solution is 0.003225 that is almost 10 times less than the difference from initial approximation. Figure 5 shows the graph of g diff and its approximation. G app is shown in Figure 6 . Numerical computations of G at different values of x obtained via routine bvp4c are shown in Table (1) . This table also shows the difference between G app and G num .
B. APPROXIMATE CLOSED-FORM SOLUTION FOR H
The graph of numerical solution of H is similar to the graph of function −xe −x , so we assume an initial approximation for function H as
where H ini represents the initial approximation of H and E, D, J and K > 0 are constants to be determined. Using the boundary conditions 
equation (28) becomes as
where n = E K and by choosing two appropriate points from the graph of H , we obtain n = 0.2232 and K = 1.7054. So equation (29) Figure 7 shows the numerical solution of H and its initial approximation. Figure 8 shows the difference between the numerical solution of H and its initial approximation. Figure 8 represents h diff = H num − H ini , where the numerical solution of H is represented by H num and g diff is the difference between numerical solution of H and its initial approximation. The maximum difference between H num and H ini is 0.009756. Now to approximate h diff by a function, consider the following expression
The function present in equation (31) is similar to the function shown in equation (14) . So on the same lines we find the expressions for constants L, M and N >0. Now using three different appropriate data points from the graph of h diff to find the values of L, M and N . Using these values in equation (31), we have
We get an approximate closed-form solution for H as
H app (x) = 0.2232((1.7054x + 1)e −1.7054x
where H app is approximate closed-form solution for H and satisfies the associated boundary conditions. Now the maximum difference between numerical solution of H and its approximate closed-form solution is 0.001650 that is almost 6 times less than the difference from initial approximation. Figure 9 shows the graph of h diff and its approximation. H app is shown in Figure 10 . 
IV. RESIDUAL ANALYSIS
The residual of equation (7) is defined as
For the approximate closed-form solutions given by equations (27) and (34), we obtain the residual R 1 as The graph of R 1 is shown in Figure 11 and Table 3 shows the values of R 1 for different values of x. Similarly, the residual of equation (8) is defined as 
For the approximate closed-form solutions given by equations (27) and (34), we obtain the residual R 2 as 
The graph of R 2 is shown in Figure 12 and Table 4 shows the values of R 2 for different values of x.
V. CONCLUSION
In this paper, we have revisited a system of non-linear ODEs that describes the phenomena of MHD boundary layer flow due to a rotating disk, with a view to furnish a closed-form solution. Firstly, numerical solution is computed using the MATLAB routine bvp4c. Then a systematic approach is introduced that renders a closed-form solution of the problem. Residuals of the governing equations are worked out in order to analyze the difference of our solutions with the exact solutions. It is found that, except for a very small region near the disk, the obtained closed-form solution closely matches the exact solution.
